Quantum entanglement is a crucial resource in many quantum information and quantum communication tasks. Recently, quantum entanglement has attracted more and more attention due to its various fundamental quantum features. The non-locality[@b1] is a typical feature of entanglement and it brings many applications in implementing various quantum information processing schemes, for instance, quantum dense coding[@b2], quantum key distribution[@b3], quantum cryptography[@b4][@b5][@b6], etc. Thus, to prepare entangled states between different particles is essential for demonstrating quantum non-locality. Bipartite entanglement is the simplest form of entanglement, whose properties have been well understood so far. Nevertheless, the structure and properties of multipartite entanglement are far from being clear. Moveover, it was pointed out that the multipartite entanglement contains stronger non-locality, which offers significant advantages for quantum information and computation tasks.

A remarkable difference between bipartite entanglement and multipartite one is the classification of them. Greenberger-Horne-Zeilinger (GHZ) state[@b7], W state[@b8] and cluster state[@b9] are three typical classes of multipartite entangled states. Recently, researches have shown that for different quantum information processing tasks, the corresponding multipartite entangled states are needed. For instance, cluster states are basic resources for measurement-based quantum computation[@b10], GHZ states are the best quantum channels for teleportation[@b11] and quantum key distribution[@b12], and W states are required for secure quantum communication[@b13][@b14]. These different classes of multipartite entangled states cannot be converted into each other with local operations and classical communication[@b15]. Among them, *W* state is a special class of multipartite entangled state, which possesses many particular properties. For instance, the entanglement of *W* state is robust against disposal of particles[@b8]. D'Hondt *et al*. showed that W state plays an important role in the leader election problem in anonymous quantum networks[@b16]. Ozaydin studied quantum Fisher information (QFI) of W state in the basic decoherence channels[@b17][@b18]. C. Dag *et al*. showed that the quantum coherence of W states enable high efficiency in quantum thermalization of a single mode cavity[@b19]. Three-qubit W and GHZ states have been recently demonstrated on an NMR quantum information processor[@b20], and the equivalence of superpositions of W states to GHZ states under local filtration has been studied[@b21]. In addition, self-testing (a device-independent method for determining the nature of a physical system or device) of W state is totally different from self-testing of GHZ and cluster states[@b22][@b23].

It is worth mentioning that an arbitrary bipartite state of qubits can be prepared from a maximally entangled two-qubit state via local operations and classical communication (LOCC). However, the same situation cannot happen in the case of multipartite entangled states because of the inequivalent relations between different classes of multipartite entangled states, and the local conversion between *W* state and *GHZ* state only can be done in an approximate way[@b24][@b25]. Therefore, simple and efficient schemes to prepare large-size multipartite entangled states are of great importance.

Recently, quantum state fusion and expansion technology have been presented and experimentally demonstrated as efficient ways for creating large-size multipartite entangled states[@b25][@b26][@b27][@b28][@b29][@b30][@b31][@b32][@b33][@b34]. Fusion technology can create a multipartite entangled state of larger number of particles by fusing two or more multipartite entangled states of smaller number of particles, with the condition that the access is approved only to one qubit of each of the entangled states[@b35]. On the other hand, with expansion technology, the number of qubits of the original entangled state is expanded by one or two each time. Expansion and preparation of GHZ state and cluster state are well known[@b26][@b27], but it will be another story for expanding or fusing W state because of the inequivalent relation between these two types of entangled states. T. Tashima *et al*. showed that two EPR photon states can be merged into a three-photon W state using LOCC[@b29]. In addition, to expand a polarization entangled state to a state, T. Tashima *et al*. designed several efficient methods[@b29][@b30][@b31]. S. K. Özdemir *et al*. proposed a scheme for fusing two polarization entangled states, and , to a larger-size entangled state [@b35].

The previous fusion schemes for W states are limited by some constraints, which will inevitably decrease the fusion efficiency. For instance, S. K. Özdemir's scheme for fusing two polarization entangled states and to a larger-size entangled state only works for *N*, *M* \> 2 cases[@b34]. To relax this constraint, F. Ozaydin *et al*. proposed several new fusion schemes such that Bell states, i.e. W states of sizes *N* = 2, *M* = 2 can be fused as well. Therefore the requirement of creating initial *W*~3~ states has disappeared[@b32][@b33][@b34]. In addition, these schemes can fuse two, three or four W states of arbitrary size via accessing only one qubit of each W state through Fredkin gate, but the realization of Fredkin gate is not an easy task in experiment. To overcome this difficulty, Diker *et al*. showed that in the fusion mechanisms, the Fredkin gate can be replaced by a CNOT gate and a Toffoli gate[@b36] which can be efficiently implemented by measurement-based one way quantum computation, using weighted graph states[@b37]. On the other hand, since the efficiencies of fusion and expansion methods depend on the size of the initial W state to be used as the primary resource, Yesilyurt *et al*. proposed a scheme for deterministic preparation of *W*~4~ states[@b38]. Very recently, Han *et al*. proposed a scheme for fusing an *n*-qubit *W* state and an *m*-qubit *W* state to an (*n* + *m* − 1)-qubit W state without any ancillary photons with success probability (*n* + *m* − 1)/*nm*, which is mainly based on the cross-Kerr nonlinearities[@b39]. Li *et al*., based on cross-Kerr nonlinearities and a quantum dot coupled cavity system, proposed a similar fusion scheme too[@b40]. Although these two schemes can overcome the difficulty of Fredkin gate, they are still too much complicated to be realized in Lab.

Although photon is the most promising flying qubit in quantum communication, the interface between flying and matter qubits is an equivalently important mechanism for quantum communication networks. For instance, a NOON state of photons in two superconducting resonators can be generated in circuit QED system[@b41]. Macroscopic arbitrary entangled coherent states (ECSs) of separate nitrogen-vacancy center ensembles (NVEs) can be generated via the coupling between NVEs and a superconducting flux qubit[@b42]. Teleportation of a Toffoli gate among three spatially separated electron spin qubits in optical microcavities can be made possible by using the coupling between electron spin and circularly-polarized photons[@b43]. A microwave photonic quantum bus is proposed for a strong direct coupling between the topological and conventional qubits[@b44]. The interface between the spin of a photon and an electron spin confined in a quantum dot embedded in a microcavity is applied to build universal ququart logic gates on the photon system with two freedoms[@b45]. The controlled-NOT, Toffoli, and Fredkin gates between a flying photon qubit and diamond nitrogen-vacancy (NV) centers can be realized with the assistance of microcavities[@b46]. The generation and reconstruction of arbitrary states can be realized in the ultrastrong coupling regime of light-matter interactions in Cavity QED system[@b47]. So it is of great importance to study how to fuse the multipartite entangled states of flying and matter qubits via the interface of them. But, most of the above-mentioned expansion and fusion schemes of W states are only applicable to optical systems. Very recently, by using the interface between photons and electron spins confined in quantum dots embedded in a microcavity, Han *et al*. proposed specialized fusion schemes for stationary electronic W states and flying photonic W states, respectively[@b48]. In addition, an N-qubit W state generation scheme has been proposed for N atoms trapped at separated quantum nodes (cavity-QED systems) by using linear optics[@b49]. We have proposed a scheme for expanding atomic entangled W states by resonant interactions between atoms and cavity modes[@b50] and a scheme for fusing two atomic entangled W states to an entangled W state of a larger size in cavity QED system[@b51]. In this paper, two new light-matter interaction based fusion mechanisms are proposed for generating large-size W-state networks in cavity QED system, where the complicated Fredkin gate is not needed, the requirement of creating initial *W*~3~ states disappears too, and the interactions between atoms and the cavity mode are far-off-resonant, which make the proposed schemes feasible within the current technology.

Results
=======

Fusion of Two W states
----------------------

As depicted in [Fig. 1](#f1){ref-type="fig"}, to fuse *N*-partite W-state and *M*-partite W-state an auxiliary atom in ground state will be introduced. First, let's pick up one atom from each entangled system, and then send these two atoms and the auxiliary atom into the cavity and detect any two of the three atoms after flying out of the detuned cavity. If only one excitation is detected, the remaining (*N* + *M* − 1) atoms are successfully prepared in a sate. To simplify the descriptions of the fusion scheme, it is necessary to give the formulation of *N*-atom W state: . Here *i* marks the *i*th atom and the remaining *N* − 1 atoms of are marked by . *N* − 1 atoms in the ground state are described by , and all the possible combinations of *N* − 2 atoms in the ground state and one atom in the excited state are described by .

To start the fusion process, the three atoms will be sent into the cavity. The far-off-resonant interaction between the cavity mode and the three atoms will lead the initial states

and

evolve to the following state (for detailed description of this interaction, see the discussion in the Methods section below):

where *A* = (*e*^−*i*3*λt*^ − 1)/3, *B* = (*e*^−*i*3*λt*^ + 2)/3.

After flying out of the cavity, any two (say (1, 2)) of the three atoms will be detected. The detection result means the failure of the fusion process. If the detection result is or , the remaining atoms are in the following states

or

respectively. By controlling the velocity of the atoms appropriately, *λt* = 2*π*/9 can be satisfied, and thus the states in Eqs [(4](#eq26){ref-type="disp-formula"},[5](#eq27){ref-type="disp-formula"}) will become:

or

where a global phase factor *e*^−*i*5*π*/6^ has been discarded. Although the states in Eqs [(6](#eq28){ref-type="disp-formula"},[7](#eq29){ref-type="disp-formula"}) are not standard W states:

there are only relative phase differences between these two states and the standard W state, which can be removed by a classical pulse on any one of the (*N* + *M* − 1) atoms. The total success probability for the fusion process is

If the detection result is , the third atom must be detected for continuing the scheme. If the third atom is detected in excited state, the remaining *N* + *M* − 2 atoms will be left in W state. If the third atom is detected in ground state, the state of the remaining *N* + *M* − 2 atoms are factorized into the product of , which can be further fused by the same process.

Fusion of Three W states
------------------------

As depicted in [Fig. 2](#f2){ref-type="fig"}, to fuse three W states , and of sizes *N*, *M*, *T*, respectively, one atom will be extracted from each entangled system and sent through the cavity, and these three atoms are marked by 1, 2 and 3, respectively. The detuned interaction between the three atoms and the cavity mode will lead the following state evolution:

After flying out of the cavity, atomic state measurement will be made on the three atoms. If two of the three atoms are detected in excited states, the remaining (*N* + *M* + *T* − 3) atoms will be left in state. For instance, if the detection result is , the remaining atoms will be in the following state

By controlling the velocity of the atoms appropriately, *λt* = 2*π*/9 can be satisfied, and thus the state in Eq. [(11)](#eq41){ref-type="disp-formula"} will become:

where a global phase factor *e*^−*i*19*π*/18^ has been discarded.

Although the state in Eq. [(12)](#eq42){ref-type="disp-formula"} is not the standard W state:

there is only a relative phase difference between the state and the standard W state, which can be removed by a classical pulse on any one of the (*N* + *M* + *T* − 3) atoms. The total success probability for the fusion process is

If the detection result is , the state of the remaining atoms becomes

which is a product of three new W states , i.e. each state loses one atom. These three new W states can be re-fused again in the same way.

Now, it is necessary to have a look at the experimental feasibility of our scheme. If we use the Rydberg atomic levels with principal quantum numbers 49, 50 and 51, the coupling strength can reach *g* = 2*π* × 24 kHz[@b52], and the atomic radiative time is around *T*~*r*~ = 3 × 10^−2^ *s*[@b53][@b54][@b55][@b56]. In our scheme, we set *δ* = 10*g*, so the operation time for the fusion process is about 10^−4^ *s*. In addition, the quality factor of order *Q* = 10^8^ has been realized for a cavity[@b52], and the efficient decay time of this kind of cavity (50 GHz) is approximately 3 × 10^−2^ *s*. So, the fusion operation of our scheme can be realized before atomic decay and cavity decay, which means that the proposed schemes are feasible.

Discussion
==========

We have presented two schemes to fuse W states in cavity QED system. In the first scheme, one auxiliary atom is introduced to fuse two W states and into a (*N* + *M* − 1)-atom W state with probability 2(*N* + *M* − 1)/3*NM*. As a by-product, a (*N* + *M* − 2)-atom W state can be generated if the main fusion process fails. In the second scheme, three atoms from three W states , and , respectively, will interact with a detuned cavity mode, which can fuse the three W states into a (*N* + *M* + *T* − 3)-atom W state with probability (*N* + *M* + *T* − 3)/*NMT*. In both of these schemes, if no excitation is detected from the extracted atoms, i.e. the total fusion process fails, the remaining atoms are still in the product of two or three new W states, which can be re-fused by the same fusion process too. That is to say, the fusion process can work in an iterative manner, which will greatly reduce the entanglement waste during the process. The requirement of creating initial *W*~3~ states disappears, i.e. W states of sizes *N* = 2, *M* = 2 can be fused as well. In addition, a comparison between our fusion schemes and the schemes of refs [@b33], [@b34], [@b35] indicates that our schemes don't need a complicated Fredkin gate. In addition, the feasibility analysis indicates that our schemes maybe implementable within the current experimental technology.

Methods
=======

Detuning interaction between atoms and the cavity mode
------------------------------------------------------

The key step of our fusion mechanism is the detuned interaction between three identical atoms and a cavity mode, which can be described by the following interaction Hamiltonian(in the interaction picture)[@b55]

where and are the excited and ground states of the *j*th atom, respectively, and , . *a* and *a*^†^ are the annihilation and creation operators for the cavity mode, respectively. *ω*~0~ is the atomic transition frequency, *ω* is the frequency of the cavity mode, and *δ* = *ω*~0~ − *ω* is the detuning between them. The coupling strengths between each atom and the cavity mode are supposed to be equal and described by the parameter *g*. The prerequisite of this scheme is that the interaction is far-off-resonant, so that there is no energy exchange between the atomic system and the cavity mode during the interaction. This condition can be satisfied if *δ* ≫ *g*, and then the effective Hamiltonian becomes[@b56]:

where *λ* = *g*^2^/*δ*. For simplicity, we consider the case where the cavity mode is initially prepared in the vacuum state. For the case of *n* = 3, the atom-cavity system effective Hamiltonian reduces to
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![The setup for fusion of two W states.\
*D*1 and *D*2 denote the atomic detectors. *N*-atom W state , *M*-atom W state and an auxiliary atom are fused into a (*N* + *M* − 1)-atom W state .](srep16245-f1){#f1}

![The setup for fusion of three W states.\
*D*1, *D*2 and *D*3 denote the atomic detectors. *N*-atom W state , *M*-atom W state and *T*-atom W state are fused into a (*N* + *M* + *T* − 3)-atom W state . If the fusion process fails, the three W states , and can be re-fused by the same procedure.](srep16245-f2){#f2}
